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ABSTRACT

Power singularities at the apex of a flat , wedqo-shaped , anqu 1 o- ~

sector crack in a three—dimensional solid are studied . Usinq I~t r ~~; i , :~~

stress funct ions of elasticity theory, the problem is reduced to an

eigenvalue problem of a dual series. The stress Sin ~iu l ~i r i t ’~’ i~~; t o u i i~i

to be stronger or weaker than one half , depending upon whether t h e  ab ox

anqle is greater or less than 1800. This tends to a cce le r at e or i e t ~~, i J

the crack growth at the apex until the crack front t t a i q h tcn~ out .
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SIGNIFICANCE AND EXPLANATION

Crack propagation and fracture in metals depends on the intensity

of the stresses in the vicinity of a crack. The classical two-dimensional

theory of cracks indicates that close to the crack the stresses vary as

the inverse of the square root of the distance from the tip of the crack.

The constant of proportionality is known as the stress intensity factor.

There have been extensive investigations of the magnitude of this factor

for var ious geometrical configurations in two dimensions , since its size

determines whether the crack will spread , and, if so, how fast it will

spread.

Due to the difficulty of the problem , it is only in the last year

or two that serious efforts have been made to determine stress intensity

tdctors for three-dimensional situations, and some of these investigations

have certainly been wronq . Part of the difficul ty lies in the fact that

the i.~~endenco of the stresses on the distance from the tip of the crack

is much more complicated than the inverse square root behavior observed

in two dimensions. This report examines the nature of the stress singu-

larity at the apex of a flat wedge—shaped angular-sector crack in a

three-dimensional infinit e solid. The results indicate that the crack

jrowth at the apex will be such as to straighten out the crack front.
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AI’EX SINGULARITIES FOR CORNER CRACKS U NDER
• OPENIN G , SLIDING , AND TEARING MOl)ES

B. Noble , M. A. Ilussain~ and S. L . Pu~

I NTR ODUCT I ON

In t h i s  pap er , the  st ress singulari ti es a t the apex of a I - i t  • 
-

shaped , angular  sec tor  crack in a three—dimensional  so l id  are  stud i~~ I . r u e
c rack is subjec ted  to  an opening, s l id ing, or t ea r ing  mode l o a d in g  cor i o n
These modes , together  wi th  their  two—dimensional i dea l iza tions  no coii ’ l v
seen In the  l i t e r a t u r e, are shown in Figure 1. The two sets  ot  I t g i t re~- I , ~ - ‘ n
identical when the apex angle approaches 18O~ .

For the two—dimensional case, it is known that the stress siugul i t i t v  at
the  crack ti p is of the order of one half for all of the modes. Uowt ’~ , wh en
the two crack fronts meet at a sharp corner , as shown in F igure  1 , t he : ; t r o s s
singularity is no longer of the order of one half hut depends m a I n l y  on t h e
In c lud ed ang le as well as the mode the crack is sub j ec ted  to, n ame ly  mode I ,

or I IT . A crack subjected to an a rb I t ra ry load can he dcc ompost’d lot o
these three ’ basic modes.

As tar as singularities are concerned , It Is of i n t e r e s t  t o  n o t e  t ~~
equivalence ot crack and punch problems . In such a case , the  a u g h t ’  tO

base oh the  punch and t h a t  of the cracked area are expi ement s oh each t I  lii -

and in the  l oa ding  process the  punch Is held st a t  Ionarv . A mode I c i
prob I i’m can he reduced to a prob lem In p o t e n t i a l  theory , b u t  t hu. ’ ot h ot  i i o t t

. I f l I ) t )t  .

Ronet  Weapons l abo ra to ry , Armament Research and Dove 1 epment t ’t t i n m, tnt l
W . i t e r v l i v t , New York

~~t~i~ ii n i t i t ’ it by t h e t o t ted St .i t  es Army under Cont ract No. I~-\A~ ‘‘i ‘
~~ 00
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Fig. (1) - Three basic modes of two-dimensional , and the correspond-
ing three-dimensional flat wedge-shaped, crack surface
displacements.

The potential problem of charge distribution at the tip of a flat angular
sector was solved by Noble (1959) [1]. Subsequently, due to a wide applicat ion
of potential theory in the field of mathematical physics, a number of papers [2-
7] appeared for the same problem. Even though the methods and approaches are
different in these papers, the final results are the same as [1].

In this paper, we use Boussinesq potentials of the three-dimensional theory
of elasticity. Assuming power law singularity and using separation of vari-
ables, the problem is reduced to a dual series relation for the case of mode I,
and coupled dual series for modes II and 111. Based on ~l] a method is devel-
oped to solve these coupled dual series. The power, versatility, and gener-
ality of the method can be seen from the simplicity with which new results are
obtained. It is shown how results of any desired degree of accuracy can be
obtained from simple algebraic computations.
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Uhhl ~ BOUSS I Nt  SQ St ) h .111 tONS iN SI’IIFR I CAL COURt ) I NA TF S

l i t  t he absence of bod~’ t’o ~c es , t ho cqua t i on of eqit i i i  I’ r i t i n  for .t ht ’i-n ~ c —

DCOUS , I sot cop Ic  , et a  si Ic body, In to rins of d i np I .ic coon t v o~ t or , I s

• V~ü + (1~~ v) 1VV~ 1 ~ 0 ~I)

h e r e  V is Po i s son ’ s r a t i o .  A c c o r d i n g  to t i s s i n e n q ,  t h e  ~en e r . i l .~‘l u t  ion  of

• Fq. ( I )  may be w r i t t e n  as a s u p e rp o s i t i o n  of t h r e e  d t s p l . t c c m e n t  f i e l d s , tj
~~,

U2 , U3

~ , 2Gti , = .~V~(kO) , V (~ \) — 4 ( I - v ) \ k

where C i s the’ shear moth I us , .ind p. , \ are  a rb i t  r a  t y  ha coon Ic fun t  tit ’n~~.
these t~i II he referred to  as l’.t s i c  s~~lt i t ions I , 2 , and , r espe c t  i v e l v .

We w i sh to I iwest I gate the o i’~le r of power s I ngii 1 a r it I es a t  t he •t To
this end , i t Is necessary to inve st igate t h e  near field so lii t ion i i i  ‘.1’hei i t

~oordina tes (r ,t~,~~) without Imply ing t h at  the solid tinder cons i~ler.it i t ’it i s  of
a sp h e r i c a l  shape.

Wi’ ~-b eoct’ the following sph or i  cal harmonics -

:~:;::::::::
l i g . (.‘) \ f l a t  . i~~d ge ‘• h .h t - th  ~~~

he ‘-O 1’~ i -
‘ t h i ’ associated I ~~‘cn,l ci’ (one t ton of t he  f i i s t  k intl . Upon ‘oil’st i —

on ç i - i t o  t h e  f i r s t  l a s  i t ’ ‘. o l i t t  ion of (.‘) 
• t~e o b t a i n •i ‘.~~ i t i t  ion ~~~

n i t  oi l s’~’~~ol icall y hr [1- tp,~~ . SIi~jl.ir1 v si’ obtain sotht ions [ 2  O~1 lOt l  “
The ‘.0 l ot t Ion of cos tn4i or s lit m4i in  t’.i i  h st r o s s  fu n et  I o t t  t l ep end’. i ’S t h ’
s~ uni t r~ of t h e  prob l em . Our obj oct iv  e I c to  I I nd ho .i m e  ot ’ ~i i n  t hi ’ open
rani~o of (0 , 1).  The f i na l  ‘- olut ion [S~ i s  t h e  s t i p t ’ v p t t s i t  ion of t h ese  so l t it  I

[sJ = 
~ 

(A [l 
~m’ 

B [ 2 • O l • D L . ’ A l )

where , a id t h e  rca ft or , ~ denotes  t he  siw ni t I on i~ i t  h cc spot t 1 o in Icr m () 
, I
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On the  p lane  0 1T/2 , the components of d i sp lacemen t  and the pe r t i nen t  coinpo-
f on t s  of s t ress  for [S] are :

4CU r 
} ( ( p + 1 ) A ~ ± 2mBm]r~ P~ + i ~

2Gu 0 = 
~ [~

(m+hJ+l)A m + (3 -4v)D ]r~ P~ ~~

= 
~ ~ 

- +1)Bmlr~
’P~.i ~~

) (-(nt+ii+1)&,~ • ~~~~~~~~~~~~~~~~~~~~~~~

TOr ~ 1-p (m+hi#1)A ; m ( m + p + 1 ) B  + ( 1-2v)~ D J r ~~ ’P~ in~

~ [
m (m+ii+l)Am • (m+l

~
1+l)Bm + (1-2 v)mD m]r 1’ Pp ~~ 114

hhert’ P~ P~(0) and whenever there are two sign s preceding a q u a n ti t y ,  the
sign on the top goes with the tri gonometric function on the top and vice versa.

FhIRtA - ~ MOUL S OF CRACKS A1~D DUAL SERIES RE LAT ION S

For a crack shown in Fi gure 2, the leading edges of the crack are ~ ~ Ci ,

and the crack is in the  x-y plane (8 ir/2).  Let D and D~ be the cracked and
uncracked region of the plane 0 = ir/2. Within the cracked reg ion , the displace-
ment is discontinuous. If the discontinuity is in the z-direction (u~ - u~ =

finite), the crack is under mode I; if the discontinuity is in the x-direchon
(u~ - u finite), the crack is defined to be under mode II; and if u - u~
finite , the crack is defined to be under node III. Boundary conditions for
various modes are tabulated below .

Boundary Conditions on 0

Non Mixed Conditions Mixed Conditions
(in D • D) th 13 j~ D~

Mode I ‘toe = 0 0o = 0 U9 0 i~5)
Mode II 0 ‘tOt •~O$ 0 Ut U~ = 0 (6)
Mode III = 0  

- 

‘tOt ‘t oe = 0 Ur u~~ 0 (7)

For mode I, u~ is even in $. This leads to the use of the trigonometric
functions at the top of (4). The boundary conditions of (6) and (7) are
identical , but the symmetric properties are different for mode II and mode
III. In the former case, Ur Is even and u~ is odd in • while In the latter ,
the reverse is true. h ence the proper set of quantities should be selected
in (4) ,  for each case.
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A. ‘lod e 1

Its I t i g Eq. (4 )  and the  non mi x& ’d eeiiil i t  ions  of ( s )  , i. e h .t

B,11 () .ittd A,11 (m.~i+ l)  - ( 1 2v )D m

The m i xed bound i v  conil i t  ions of (5) and us lu g (8) and (. 1 ‘I , v i&~ i i  P

~ b,11 eosn4 0

~ ~l~1l~~ cosin~ 0

cc

hm ( ~~~~~ 1 ) I ) ,11P~~ 1 , ( - m + t i + l )  ~ P~ /P~~ 1 
( 1 0)

B. ‘lode I I

For the  homogeneous cond it  Ion of in (6) i t s  lug (4)  t L ~‘ ‘-

A and I) must s a t i s f y

Am -t (n i +p •l )  
~~~~~~~~

I’h i s t o  Lit ion and t h e  m i x e d  c o n d i t i on s  of (6) v i o l d  the fol  l o w l i i ~. ‘ - ‘ ‘

\ F 1~cos m4t -
~ 0

(II ~

~: (R iit E m+S in Fin •)ct
~t • •SIii 4 % -‘ 0

)‘
1
F111sinmt~ 0

~~ 
(LI F i

t ’E in) S i  iim 4 ’ 0

ho ri ’ ileno t i’s the  stimma t ion w i t h  respect to m for in I , 2 -

~‘ (1fl l~~ I )  [l lA m +2m ( 1 v ) R m 1P~ , (m+~i + i )  [mA~ + ’~ ( 1 - v ) h , H P~ 1 ~)

K
111 [m 2 _

~
IQl +L ) (l-v)1V m Sm 

-~ m (l-v \ u t )V m 14)

Tm m ( l + i i v ) V  
‘ 

11m [( 1-v ) i n 2 
— ~I S )

iii (14) and (IS) 
~m 

st a n d s  for P~~~1/P~ / [  (in +~i.1) (m 2 —~~~) 1

I’. Mode III

S i m i l a r  to the ’  preceding case , we have

Y i Em sh lm 0

= 0 t~’-~~~ n

L -- - —- -

~~~~ -s- 

- -~~~~~~~~~~~
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~ F ~‘‘.~~~~‘ = 0
( 1 ~

)

~ (U 1,1F 114~’t~ E~,.~) C i ’ S f l  0 Ci <4( 1T

SOI W’ I ONS OF SI  NP AN I )  Ct) S I NE S I R  I ES

For t h e  so lu t  ion of (9) , ( 1 1)  , and ( 1 2 ) ,  ( 16) and (17) ,  we need the  exact
so l t i t  io ns t ’t i o r ~ ; t i f l  dua l s i n e  and cosine so’ 3 0 5 .

A . Sine ‘~e F I t ’ S

t ’, ’t n s i d e r  •i du a l  s e r ie s  of t he  form

V ~~~~~~ itiu x 0 x0<x<1T
I

I 
— 

( I S )
- a1~s in n x  = f(x) 0<x<x0

A solut i on is given by (81

g(t) - 

~

- SO C t d 
j

C 
~~~~~~~~~~~~~~~~~ (19)

t cost - cosu

w i t h  u
G( u) - cot u d j s i n( x / . ) f ( x) d x  (20)

0 / (cosx - cosu)

l~here -) x0
g ( x )  Y 1

a~ sjnflX , for  O<x<x0, and am ;- f g ( t )  s i n mt d t .

For f ( x )  = C 1 c m x , we o b t a i n , u s i n g  the  aNireviation ~ = cos x0,

c1 - 1/2
g(x) = -- sin ~ (2cosx + 1 - ~)(cosx - 8) (21 )  f -

am = 
~~
‘m - 

~~m-l 
- 

~~~~~ 
+ P~ .2 )~ ~m ~~~~~ 

( 2 2 )

For f(x) C~ s i n 2 x , the  corresponding r esu l t s  are

g(x )  = - ~‘2 C 2 s in  ~~- (cos x _ 8 ) /2 (8+~
2 _ co sx +2 ~c o s x _ 4 cos 2 x) (23)

an = - ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (24)

S i m i la r l y ,  for f ( x )  = C3s in3x , we have

~C s i n ( x / 2 )
g ( x )  = -s-- -- : - -  [ l6cos ’x+ R cos 2 x (1 - 8) - : ’ cos x (3 + .’I~+B 2 ) - B 3 -6 2 +3B - 1] ( 2 5)

• 
2/2 ( ( 0 5X  -

~ )

an 3[1(Pn 4
_P

ll+ 3
)_
~
’8(Pn 3

_P
n+2)_ (8

2_l){Pn 2 +B(Pn l +Pn
)_P

n+l }l/4 (2ef’)

— 
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H . Cosj~~ ‘~eriec

The c o ~ i t i e  s o c  i os t inder coit ’. i di’ r a t  i on h tV 0 the fo i m

0 x 0’-x’-IT
( 2 1 )

• ~, a  • ~ ~- a 11c o s nx  = ~ P 1a ,~cosnx , O < x<x 0

A ct hod of solution is deve lop e d  by N ob l e  [11 for f i n d i n g  the  l o w e s t  ci g en—
\ •t 1~~t t~’r mi ~t’d pr ol’l ems in  pot cut i al theory. The method use s  a st rot ching
t t- 5ut fe i~~•t t ion due t o  Schw i uger  [9~ . Let

V a11~~~~•nx  h (x )  for 0< x < x 0 (.8)

1 ~ O , x o

~ 
h ~x ) d x , a~ h ( x ) c o s nx d x  (• ‘~))

1~ ’~’n - ‘ t t P - t  i t  ut  io n from i~29) into the second eq u a t i o n  of ( 2 7 )  , we h ave , for

co N xa ~o 
~~~‘ 

xo 0
— 0f Ii , n )  du+~ ; f h (u)  co smit c ’ ;~’~xdu •~~ m ~—f h (u) cos,~th!u c o - m x , ( ~~)
‘t o 1 0 1 0

H l f l t .~ t h e  - t  r e t c h i n g  t r a n s f o r r ~5 , t  i on

0511 -‘ t + S cosE. (~~l )

\ t~~~~(’ j (  t •i i~~I s , ~l e r o r m i , i o d  f t - em u 0 , x0 ¼ t ) I U O S p0it d i iit ~ t o  E. = fl , fl •iro

t ~. Os 
~~~~~ 

2) , S ~il
2 ( x

~ i 2)  ~2 1

A s :~~~t Lii - r e l at  t o n  is .i~~si~ n~~I l~oti.oeii x an d t, . t~s in g  [ 10 ] ,  we ol ’t  t in

~ -o~ mti o o s m x  = — ~~i i { •~kosti c e s x f  }~~— Q i ) s / 2 + ~~1 ~ t’osm~ c o s i n .

I ~~~~ t i on  ( ~(l )  l~ecen i t ’s

~~~ ~n s )  
~
f
~

1
~~

h i ) :~
-
~

- 
~‘&• +

‘

~~ ,~ ;-f
0

h ( u )  j~- ct~si~t~• d~ coS1flt ~ =

2 ,  du .~ - -

•~~m _n-j Ii (u) - cosn t t ~l~ co~’in x , 0 — x ’~u -~ -1)
1 a

On t I t’ r i ~I I h .iiid I do of ( . 4) , c 05 112 ai t t l  c os x can he t r~i i i sfo  r m e d  t o c o
1 J o s n  in  v i et UC 0 f ( -~ I )  . I e’t

h (u )  :~ ~ 
c~ ~-o ’.n~ 0’—~,’-ii (_ ‘~‘)

- -—--- ~--——-~~~~~~~~~~~~~~~~ 
-•-
~~~~~~~~~~~~~~~~~~~~~~
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t h e n

~ ~~~~ ~~~~ . d~ c0 , ~ 
f j ~~) dt~ c osmF ,d~ = C m ~-~~~)

~ p~~n subst i t t i t  ion f rom (36) i n t o  (34) , we have a t r i  gono7 ;~et  r i  c Cqt i . t t  1 ( 7 1  h i
c t ~’m ’, . ~t i i t  1 T 1 t ~ t h e  c o e f f i c i e n t s  of 1 ike terms , a system of aI~~ehra ic ‘q i I a—
ions in c ’ s i s  o b t a i n e d .  For n o n — t r i v i a l  so lu t  ions , t he  d e t e r m i n a n t  of t h e

:~et ‘f -
~~p l . i t  ions  must  v a i l i sh wh ich  is used to  f i n d  t h e  e i ~~e i i v a l u e s .

I t i c a l  lv , i f  = 0 for  n > 1 in  t he  las t  eq i l a t  ion  ot ( 2 7 ) ,  t h en  c 711f or  m ~ 1 . I T l d  for  c0 ~ 0 , we mu s t have

~ I 1S = 0 (~~7)

-
~~~i t h e  ~•ise  ~ O and 

~m 0 , m > 2  t h en  C m~~ 0 f o r  in > 2  and

• ~ns + 2t 2 p 1 s t p 1 1 [c ol
I I I  1 0  ( ; s)L 2st ~i -1 + p 1s2J  Lc iJ

S: ’ i i l . t r l v , when N 2 on the r i ght hand side of ~2 7) , Cm = 0 for  m~~ 3 and
c0, c 1, c .  sat  i s f v , u s i n g  ~~ for s 2 +2 t 2 — 1 ,

- 

is+ t 2
~’1

.2~~1
2p~ stp 1+4st~~1p2 s~~Z1

ç~, ~c0

st ~~1+ 2 ( 4 s t ) ~~1p ,  _ 1 + s 2 p~~. ~lst ) 2 p s2 (4 st )p ,  = 0

L2s 2
~1p2 s2 ( - I s t ) p ,  - + s~~.

‘~~I I l I O N S  OF FLA T , WE [)GE-S ftkPEI ) CRACKS -

A. Mode I

The second equation of the dual cos ine  se r ies  (9) can he w r i t  t en  as

• ~ h~ cos~$ = - ~~~~~ cosin~ (40)

U s i n g  the las t  equat ion , p. t 3  of [111, we have

~ I’ (’9~~ ) l~ (
It I I ) / r ( l  + 

m+~i ) / r ( m~~+i ) ( 4 1 )

For a large m , qrn 1/rn , [1] , the re fore  the  i n f i n i t e  ser ies  on the  r i gh t ha n d
i ~ e of equat  ion (40) con I d he t rune at ed.

In order to use the  s o l u t i o n  of c o s in e  s er i e s  pi ’ese nt e d  in the  p r e c e d i n g
se. t ion , we make the  f o l l o w i n g  ch anc ~e of v a r i a b l e s

m11-lU , X0 7T-Ci , cosni4~ (-1) Cocmw , (- I )  t’m am ( L )

—~~-
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al  c o s I n e  so r es ~ ‘i)  t .i~~e t h e  f o r m

a0 ~ c t~~s~
-
~~~ 0 x 0~ <a

~ 
1~~)

+ 

~ l ~ 
a m L O S 1 ~~) = 

~~ 
- q~ )a 1~ costil w

A s •i f i r s t  • I 1 p ~~~-~~ i - . i t  ion , we dr op  out t h e  i n f i o t c  s e r i e s  en t I n ’  r . ‘ i l  side
f ( - I c )  . V - ~ l u g  (

~ •‘ ) , we h i v e  a t r a n s c e n d e n t a l  eqi la t  ion

= ex p (q 0/ 2 ) ,  1o - 
~~

- [r (- ~~.’-) / r ( 1  + ~~) ] 2 ( -14 )

~rorii w h i c h  ~i an h e  d e t e r m i n e d  f o r  a g iven h a l f  a n g l e  11 of t h e  s~ I , - or
the  secoiid •e r o x n a  ion , o n l y  one t e r m  i s  t a k e n  in  t h e  s e r i e s  ni t h e
h and s i de of (4 3)  . Us in g  (38) t h e  value of p is found as follows:

(l0~~~11S-2t 2 (1 -q 1)  -St  (1-q1)
= 0 (15)

st ( 1 — q 1) ~~~~~ ( 1-q 1)

t•I~erc s,t are g i v e n  by (32), (42)  and q0, 
~ \ ‘ ‘

~ 

‘

f rom (4 1 ) .

Sim i larly , t he  t h i r d  a pp r o x i m a t i o n  can \

I c  c a r r ied  out .  The r e s u l t s  of ea c h  ap proX— -

I at ion are sh own in Fi g u r e  3, showin g a —

~;arkably fast coiivergeiice

S S I 5 1
0

- ‘ - -S -~
I i

F i g .  (3) - p vs. u,’n 1~-~ r -1e 1
c r a c k .  9

B. ~od e I I

t ic in g  the j s ~-~~~~-r  t ~ 
~~~~~ 

(Ø)/})m (0) ÷ ( — 1 )  for  a l a r g e  in , i t  i
i - ’~ :~j’tot ical ly: 

p

R * (— 1/in) Sm (— I/ rn 2 ) Tm ( — l ,’m 2 ) tt m — ( l — v ) j i i

I sc second equat  ions  of t he cou p led d u a l  so n es ( 11)  an d ( 1 2 )  c J L  1 - c  ~ as

I 
CO 

I U rn TmF ,~s in n i ~ = (,~ + 1~~~)F~ + - i---
~; 

Fm] s i n m ~ <~~ -~ T ( - th )

+ E 121 co sm~ = 
~~

[ (~~ + Rm )E m+S mFn ]cOsi$ u<4’<11 (47 )

-‘ f t  - e  t h e  change of v a r i ~~h l es  s i m i l a r  to ( 4 2 )  w i t h  s i nm ~ = (-l~~ 
~ •~ =

¶ 1 )m F and Fm* = (...1)
m+ Fm . The dual  s e r i e s  take  the  form

— 9 —

- - 
_-~



- - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• 
~ l Fm *si111nw = 0 , X 0< ii < TT 

- 
_ &, .o_

(48) -

i 
~~ F 2~~ S~~flhItü ) = ~ i

C lm si f lmW , O<~j <x 0

~F. ~~~~~~~~~~~~~~ = 0 , x <w<1T

_R
:F~o*+y i 

! E *cosmw ~ i
C 2 Em *CO51~~~i ~~°-~~~~~ ~~‘3

where

C im = (1-v)  
l

(U mFm *_ T
in E m *)+F m */m , ,

C
2 

= m ’+Rm
_S

mFm*/Em* (50) (1/It -

Fig.  (4) - p vs. a/IT for
For a large m , bot h C irn and C 2m ÷ 1/rn 2 . a mode II  or a

mode I I I  crack .

As a f i r s t  approximation , we take only one term , m=l , in the i n f i n i t e
series on the r ight  hand sides of (48) and (49) . From (22) we obtain

F1* = (1-$) (3+~ ) [F 1
*_ (1-vY 1 (U 1F 1*+T 1E 1*) 1/4 (51)

where E1* can be determined from (29), (31) and (36).

E 1~ = 
2 

X
0 

= ~ f h (u )  ~~ (t+ scos~)d 2tc0+sc1 (52)
0 0

For the cosine series (49), we obtain two equat ions from (45)

(-R -2~ns-2c 21t 2 )c 0-stc 21c1 = 0

-2stc21c0+ (1-s
2c21)c1 = 0

These two equations and (51) constitute a system of l i n e a r  equa t ions  in c0, c1,
F 1*. For a n o n - t r i v i a l  solut ion, we must have

R0+ 2ns +2 t 2 (1+R 1) s t ( 1+R 1) - ts 1

2 st ( l +R 1) - 1÷s 2 ( 1+R 1) -ss1 = 0 (53)

-tT1/2 -sT1/4 - ( 1-v)/ (1-s) / (3+~~)+ ( 1-v-U 1)/4

This is th~ equation for the determination of p .

We can proceed in a similar manner to higher order approximations. rn
Figure 4, we have shown results for v = 0 for the f i r s t  three approximat ions .
The difference between the second and third approximations is very small.
Hence we stopped at the third. Since the results did not differ from the
second to the third approximation , we only plotted the third approximation
in Figure 5 for different Poisson ’s ratios.

-10-
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1

to  • - 
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-

I I i i i I i i
~ 5 ( ‘5  (I

— -
F i g. (5) — The t h i r d  app t’o x l i s a  t i Oil of p vs . ct/if for  a m ode I i  or  a mode

I I I c r a c k .

C . Mode I I I

l i t  n in pa r i  ng equ at  ions ( 1 s )  , ( 1 7 )  w i t h  (11 )  and (12 )  , we see t h at t h e
-

- 
‘ ~ led di t a I se r i e s  for mode I l l  a x’e obt a i ned from those for mode 11 by j u t  or

c s i n g i n g  ~~ and Fm , R rn and 11rn’ S~ sIfld Tm~ 
The sam e ap p ro x i m a t e  me t  hod for

I s  e I i  ‘ .i n 1 ‘e app l i e d  to mode I II . For V 0 , ns ’de I I  stud mode 11 1  ha ~ e t he
• s •e .se re . s i , t s w h i c h  are p l o t t e d  in Fi gu r e 4 .  For V = 0 . 25 and v 0. 1 , u n i v

ci ’ ‘ s i t  s t 1’Olli tite t hi  rd at si s ro ~ 1 m it t  I Ofl Si I t ’  P 1 ot t  t’tl u t  F I is  re S
i s ’ \ i

lie  eqi t  i V • i l  c it e  e bet i~ ccii t l ie  j iot  s - u t i a! p r o b l e m  iotd t ise r ack  p rob l i i i  und e i’
: iodc I or t h e  ~ Ct 10111 es s j n t n ch  P ~ sI~ 1cm has  been known for  a I o I l i ~ t I 1110 . I h O

w i d e  • i i t I s l i c • i b i  i i t y  of p o t e n t  li i i p r t s h t l e u i s s  h ISIS  becil si pr i me not iva t l 0 l l  III oh

i i i -  I lit ’ ~ i il ,s.l.tr i t l O S  sit  t i l e  • I U eX i t \  vs!rioiis m e t  lio~ls . Iii t i l l S  Isap er , h e is t  ~- er ~
- - ye p i s - s c u i t  ed •i is let  hod of -~o I ut ion for mode II .mnd 1 II c ~iitI i t  i t ~ils . h it ’

‘ - si ‘ ‘ I  1 0 5  i e s i i l t  to • l i l \  t Ie~~j i’etl s i s s  5 5 1 5 5 e V  am id , t o  t h t i ’  l ’t ’’.t ( SI  t ’ i l r  k m i o w l
I h o t  ‘~t ’ t i t  a I i  sib I 0 i l l  t he o 1sefl I i t  e i-at i t  re

s e  - dcs et  lis ’i’ t h a n  oisen i t i g  i t ’ th ’ , t he r e s u l ts  show t h a t  tlsc ’,t i-css
si - - s l a t - i t  i t s  ar e  d o m i n a t e d  by the an s’ i t ’  t i t  t h e  ap e x  as  w ell as the elisi I~
s o l o .  t s i l l  of t lie I I I  ~~i a I . [he i-c Si  si t to rt her uui ~I ic a t  o that when t lie a i ~~ ‘ ‘

i s : : h e  I S g Is i l  c c  t his t i t  150°, t l ie st res~ Si  lI gl ilsi 1’ i t  V i 5 51 rOilgt’ r I h • su i  one ii • i  i t
eii l ;iisc i f l g  t h e  I cuideiiey (it cr a c k  f r on t  to st 1 .t I g l l t e n out . S I u B I i i  i ’ lv , id ieui  I In ’
• -~‘ ‘~ •iu g i e  is less t h a n  1800, tile st res s  s in g u l t u  ity i s lc’’~c ‘.c v e u - e  t h i nil i s l ie
l i , i  I t  m d  • • lg ; l  i n , I Ii i s w i l l  t 011(1 t o ret a i’d t he g r owt  ii at t he apt’ x su i t  i i  I he
u n k front ‘.1 i a i g i i t e i i s  o u t .

Ii h i ~~: Id lt~ h u t  t ’d that t lie d ’  t i i i  It i o n  of nodes ii and I I  I i s  q u i t e

• s i t  h i t  s ir ’  t~~ I F  t h e  t s suit i g u r at  i on  t i n d e r  t o i i ’ , i d e i • i t  i on , s in c e  t i l e  i- i - k  I i’ouit s
w a v f r o m  I iso .m pi ’ \ O i e  i iu i t l e  r ni xed inosle c usud it 1 on c of t h e  s’uiv c i i i  1 isIlsu 1 t vi~u’.
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